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Introduction
With every measure comes an uncertainty
Uncertainty propagation is crucial in orbital mechanics
Preventing collisions between spacecraft
Avoiding rendezvous failures
Forecasting collisions with asteroids
Growing number of spacecraft =⇒ Need to quantify these
uncertainties to avoid major collisions (Iridium 33 And Cosmos
2251)
Objective
Implementing a propagator in Python, able to compute trajectories and
quantify their uncertainties, especially for long propagations
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Taylor Differential Algebra
Introduction to TDA
Taylor Differential Algebra (TDA): Assimilation of functions of n
variables with their Taylor expansions of order k [Berz 1999]
Similar as the processing of real numbers into floating points
Figure: Analogy between floating points and TDA (Armellin et al.)
Libraries implementing TDA:
DACE (C++) by Politecnico di Milano [Massari 2017]
Audi (C++ and Python) by D. Izzo and F. Biscani [Izzo 2018]
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Propagating uncertainties using TDA I
Example
Solving the following Cauchy problem numerically :{
ẏ(t) = f (y(t), t)
y(0) = y0
For real numbers, Euler’s explicit method can be used :
yn+1 = yn + h · f (yn, tn) + O(h2) (1)
If y0 is tainted with an error δy0 =⇒ an other propagation is
needed
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Propagating uncertainties using TDA II
For polynomial maps, : Initial condition [y0] is a polynomial :
[y0](δy0) = y0 + δy0. Euler’s method can be adapted:
[yn+1] = [yn] + h · f ([yn], tn) + O(h2) (2)
Then, ([yn])n∈N is a sequence of polynomials
Quantification of the error, since:








With x the expansion point and δx the uncertainty on x





With C > 0
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Propagating uncertainties using TDA III
Main properties
This trajectory can be evaluated on all the uncertainty space.
Only one propagation is needed
All Ordinary Differential Equation (ODE) solvers can be adapted
to TDA
A single TDA-propagation takes more time than a classic
propagation
An approximation error is made when expanding to Taylor series.
But the error can be lowered by increasing the order
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Compared performances I
Figure: Uncertainty propagation using real numbers
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Compared performances II
Figure: Uncertainty propagation using TDA
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Compared performances III
Computation time of N trajectories:
Real numbers: N propagations are needed:
∆treal = N∆tprop,real (5)
TDA: 1 propagation and N evaluations are needed:
∆tpoly = ∆tprop,poly + N∆teval (6)
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Compared performances IV
Figure: Speed-up provided by TDA-based Monte-Carlo
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Dynamics
Ephemeris Model and SRP




−→γ body +−→γ SRP (8)
Position of attracting bodies delivered by SPICE [Folkner 2014]:
−→γ body = μbody
−→r body −
−→r∥∥∥−→r body −−→r ∥∥∥3 (9)
Solar Radiation Pressure (SRP) expressed as [Georgevic 1971]:





−→r∥∥∥−→r Sun −−→r ∥∥∥3 (10)
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Modelling SRP uncertainties
The uncertainties of SRP are gathered in a single variable:






















The expression of the acceleration can be simplified with:




Offers a speed-up of at least 2 compared to the modeling of the
uncertainties on each variable
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Case studies
Snoopy
Apollo 10’s Lunar Module, jettisoned in 1969 in heliocentric orbit
[Adamo 2012]
Figure: Apollo 10 LM Snoopy
May have reentered in 2015 under the name WT1190F
Investigated at ISAE-SUPAERO along with CNES
[Hautesserres 2020, Villanueva Rourera 2020]
Snoopy’s trajectory and WT1190F’s seem close
No reentry observed for Snoopy
Has Snoopy reentered the Earth’s Sphere Of Influence (SOI) ?
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Comet C/2013 A1 (Siding Spring)
Propagation of the trajectory of the comet Siding Spring
Similar trajectory as the one of Snoopy [Farnocchia 2016]
Figure: Trajectory of Siding Spring (NASA)
Position available on SPICE for a year
Used as a reference to validate the propagator
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Monte-Carlo estimations
Application to the case of Snoopy I
The aim is to estimate pR(t) the probability of Snoopy’s presence in
a sphere S(R) centered on the Earth, of radius R at a date t









With f the distribution function of Xi











Multiples of the radius RSOI = 9.29.105km of the sphere of
influence are considered : Rn = nRSOI
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follows a Bernoulli law of parameter pR, its
variance is known
The error made by the estimator can then be estimated when













When p̂NR (t) = 0, the confidence interval at 99.9% is chosen to












With N = 2.5.104
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Results
Propagator validation : Siding Spring





Figure: Normalised error wrt Spice of the propagator
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Snoopy’s trajectory
Figure: Snoopy’s trajectory
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Snoopy’s probability of presence I
Figure: Snoopy’s probability of presence near Earth
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Snoopy’s probability of presence II
Figure: Snoopy’s probability of presence near Earth
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Approximation error and speed-up
A set of 200 trajectories of Snoopy were propagated to quantify the
error made by TDA-based MC
Order of magnitude of the error : 10−7 =⇒ error ≈ 100km
This error does not affect the results on pR(t)
Approximation error close to the error made compared to SPICE
TDA-based Monte-Carlo is 100 times faster than classic
Monte-Carlo on Snoopy
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Conclusion and future work
Conclusion
TDA propagator
Validated thanks to the comet Siding Spring
Faster than classic Monte-Carlo estimations for large samples
Approximation error : Does not impact the probability estimations
Did Snoopy reenter the Earth’s sphere of influence ?
Close approach of Snoopy, at least in S(11RSOI)
No statistical evidence that Snoopy entered the Earth’s SOI from
2000 to 2013
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Future work
TDA propagator improvements
Implementation of an automatic domain splitting method to control
the error with more precision [Armellin 2010, Wittig 2015]
Implementation in C++ instead of Python to increase performances
Estimations on Snoopy
If Snoopy did not reenter, what is WT1190F ?
Propagating WT1190F’s trajectory to compare to two objects
Thank You !
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Annexes
Domain splitting methods I
How to increase the precision on the approximation ?
Increasing the order n of the TDA =⇒ Dramatic growth of the
computational time [Wittig 2015, Armellin 2010]
Quantification of the error made by the approximation, since:








With x the expansion point and δx the uncertainty on x





With C > 0
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Domain splitting methods II




∆xn+1 = εmax (20)
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Domain splitting methods II
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Domain splitting methods III
Figure: Error reduction thanks to Domain Splitting
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Introduction to Monte-Carlo estimations I





With f a density of probability, and d ∈ N the dimension of the
problem. [Robert 2004]







Where N ∈ N and the random variables in the sequence (Xi)i∈N
are independent and identically distributed (IID) random variables
following the distribution f .
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Introduction to Monte-Carlo estimations II
Theorem (Convegence of the MC estimator)
If ÎN is the MC estimator of I, then when N →∞:
ÎN −→ E(φ(X1)) = I (24)
With E(·) the expectation.
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